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Regularity of a class of degenerate elliptic equations
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Abstract. In the present paper we establish theW1,p type estimates for the weak
solutions of a class of degenerate elliptic equations. The optimal estimates are
obtained by introducing the intrinsic metric that is associated with the geometry
of the operator and then using the compactness method.
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1. Introduction

In this paper we consider the following degenerate elliptic equation:

Lu := uxx + |x |2σuyy = fx + |x |σ gy (x, y) ∈ ", (1.1)

where σ is an arbitrary positive real number and " is a bounded domain in R2 with
(0, 0) ∈ " or (0, 0) ∈ ∂".

When σ is a positive integer, L belongs to a class of sum-of-squares operators,
i.e.,

L = X21 + X22,

by choosing X1 = ∂x , X2 = xσ ∂y . The vector fields X1, X2 are smooth and satisfy
Hörmander’s condition that is the vector fields together with their commutators of

some finite order span the tangent space at any point. In [7], Hörmander proved the

following subelliptic estimate

||u||Hε(B 1
2
) ≤ C(||Lu||L2(B1) + ||u||L2(B1)),

and as a consequence L is hypoelliptic. A few years later, Kohn studied the same
problem by using some basic properties of pseudo-differential operators (see [9]).

Furthermore, by studying the properties of the nilpotent group which is suitable

to the analysis of the operator, Rothschild and Stein gave the optimal regularity

estimates of L in various Sobolev spaces and Lipschitz spaces (see [12]).
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